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ABSTRACT: We study the asymptotic static properties of long polymers grafted to a convex surface in a
solvent using a variational approach. The equilibrium state is obtained by minimizing the free energy with
respect to the free end distribution and the stretching profiles of the polymers. We simplify the minimization
by assuming that the stretching profiles of all the chains are the same up to an overall scale factor. This
approach when applied to a planar surface reproduces results identical to those obtained by Milner, Witten,
and Cates using a self-consistent field approach. For polymers grafted to a cylinder or a sphere, we find two
distinct regions: an exclusion zone (r < r;) and an end distributed region (r. < r < h*). The monomer density
profile n(r) in the exclusion zone is found to be consistent with the scaling results based on a blob picture.
In the end distributed region, n(r) is a concave down function and vanishes continuously at the top of the
grafting layer. Independently, we found the exact self-consistent solutions for a cylindrical brush in the
strong curvature limit, by solving the integral equations of Ball, Marko, Milner, and Witten using the Wiener—
Hopftechnique. Oursimple variational approach produces qualitatively correct features of this exact solution.

1. Introduction

In this paper, we investigate the static properties of
long polymers grafted to convex surfaces in contact with
asolvent. Such aproblem arises naturally in many physical
systems; among the examples are star and comb polymers
with many arms, colloidal suspensions stabilized by
grafting polymers to the surfaces of the particles, and
diblock copolymer micelles formed by segregation of
immiscible chains. Understanding the static behavior of
a single unit is a necessary step toward unraveling other
properties of interest such as forces between colloidal
particles, micromorphologies of copolymers, etc.

Previous studies on end-confined polymers have re-
vealed qualitative differences between these and unat-
tached polymers.! de Gennes? and Alexanderd first
accounted for the strong elongation of end-confined
(grafted) polymers and the associated internal pressure at
the level of scaling laws. Helfand and Wassermaninvented
a self-consistent-field method to determine the chain
conformations and the pressure profile explicitly.* Several
generalizations and numerical implementations have since
been developed.® More recently Semenov® and Milner,
Witten, and Cates!® simplified the SCF theory in the
asymptotic limit of long chains and strong elongation. A
similar approach has been developed by Zhulina and co-
workers.!1 The central findings of the theory were that
the monomer density away from the grafting surface is
parabolic, and free ends are distributed throughout the
layer. For polymers grafted to the outside of a cylinder
or asphere, quite different behavior was found. The effect
of this convex curvature was studied by Ball, Marko,
Milner, and Witten!2 who extended the asymptotic SCF
approach to convex surfaces and solved exactly the problem
of cylindrical brush under melt conditions. They found
that free ends are excluded from a zone near the surface
to avoid overfilling the space, and the pressure profile is
no longer parabolic (as anticipated by Semenov®). In the
same paper, Ball et al. also showed quite generally how
one can cast the self-consistent conditions into integral
equations.

Inthis paper, we develop a general variational approach
to study curved brushes in contact with solvent. The
equilibrium properties are obtained by minimizing the

® Abstract published in Advance ACS Abstracts, December 15,
993.

0024-9297/94/2227-0449804.50/0

free energy with respect to all the possible trajectories of
polymer chains. The free energy is expressed using a SCF
approach. Also, like refs 9 and 10, we assume that each
chain with a given free-end position has a single stretching
profile where fluctuations around the ground state are
ignored. These are legitimate for high grafting density
where chains are strongly stretched.? We shall show that
by making some simple and reasonable ansatz about the
stretching profiles of the polymers, the problem can be
drastically simplified and yet many interesting features
can be revealed. The variational solution can be system-
atically improved by searching for the free energy min-
imum in a larger and larger configuration space. In the
limiting case where the grafting surface is flat, we find
results identical to those obtained by Milner, Witten, and
Cates using the SCF approach.!® For polymers grafted to
a convex sphere or cylinder, we found two distinct
regions: (i) The region r <r. is an exclusion zone with no
free ends. The monomer density profile n(r) in this region
is consistent with the scaling results based on a blob
picture.!®1¢ (ii) Beyond the exclusion zone is an end
distributed region (r. < r < h*) where n(r) is a concave
down function and vanishes continuously at the top of the
grafting layer r = h*. The exclusion zone radius r. is a
specific fraction of the height A* in the strong curvature
limit. As an alternative method and a check for the
variational results, we solved exactly the self-consistent
integral equations!? for a cylindrical brush in a solvent, in
the strong curvature limit. We obtained the density
profile, free end distribution, and free energy in closed
form. We found that addition of solvent makes the
exclusion zone smaller (r.,/h* = 4/(37)) compared with the
melt case (r,/h* = 2/7). Our simple variational approach
produces the same qualitative features as this exact
solution.

The paper is organized as follows. In section II, after
ageneral description of the variational principle, we apply
it to polymers grafted to various surfaces: plane, sphere,
and cylinder. We show how the results can be improved
systematically by using a better and better ansatz for the
stretching profiles. In section III, we first briefly sketch
the key ideas that lead to the self-consistent integral
equations for a cylindrical brush in a solvent. We then
present our exact solution of the integral equations in the
strong curvature limit. Various quantities are calculated
in closed form. Section IV contains a discussion of results
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obtained in sections II and III and possible extensions of
our approach.

II. Variational Approach

In thissection, we develop ageneral variational approach
and apply it to polymers grafted to various surfaces.

2.1. Theoretical Description. To begin with, we
specify the trajectories of polymers by r;(t), the position
of the tth monomer in the ith chain. We shall adopt a
continuous descripton of the polymers suitable for long,
flexible chains. Inordertofocuson theeffects of stretching
and convex curvature, we choose to simplify our treatment
of the solvent. We treat the “marginal solvent” regime,
in which two-body excluded volume effects are weak so
that the local Flory swelling of the chains can be ignored
on ascale larger than the interchain distance. Semidilute
chains in such a “marginal” solvent are Gaussian at all
length scales due to screening, but they are dilute enough
such that three-body and higher-order interactions are
negligible. In a marginal solution of free polymers the
Edwards RPA description of the chain statistics is
applicable.l® The scaling properties of a marginal solvent
are somewhat different from those of ordinary good
solvents. These differences are reflected in some of our
results for grafted chains. The free energy of grafted
polymers in a marginal solvent can be expressed as

dr(t)

2
F = Zl:f()”—é( = ) dt+-2y-fn2(r) &V @)

where the first term represents the elastic energy of
stretching of the polymers which is entropic in origin, and
the second term is the excluded-volume interaction
between polymers. Here a is a microscopic length, v an
interaction parameter characterizing the quality of the
solvent, and N the total number of monomers in one chain.
The monomer density n(r) is related to trajectories via

nr) = 3 for-re) de 2.2)

The equilibrium properties are determined by the partition
function,

Z=Y) exp(-Flr}) (2.3)
R AGH

where the summationis to be carried out for all the possible
trajectories. For brushes with high grafting density, chains
are strongly stretched. The fluctuations become unim-
portant.® The task is then reduced to finding the optimal
r;(t) that minimize the free energy F[{r;(t)}]. We shall
show that by restricting the search in a subspace of {r;(¢)},
the problem of minimization can be drastically simplified.

2.2. Polymers Grafted to a Flat Surface. Consider
polymers with one end grafted to a plane (x, y, 0). Due
to the translational invariance parallel to the plane, we
may consider only the stretch in the z direction and classify
the trajectories r;(t) by z(zo, t), with 2o the free end position.
In the strong stretching regime, backward motion of the
chains will be ignored, hence z(zy, t) increases monoton-
ically from 0 to 2o as t varies from 0 to N. Let p(29) dzo
be the number of free ends per unit area in the interval
2o — 29 + d2g, the monomer density n(z) can be expressed
as

dt (z, z,)
n@ = | "T°p(zo) dz, (2.4)

where t = t(z, z¢) is the inverse function of z = z(zp, t). The
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free energy of the system from eq 2.1 is

h N 1 {dz (2 t) )2 h
F = fo dz, p(zo)fo ﬁ(———d%_) dt + %fo nz(zo) dz,
(2.5)

The variational problem is to find the minimum of the
above free energy in the space of all possible functions
z(2q, t) and p(z¢), subject to the constraint of the total
number of monomers,

["n(zp) dz = No 2.6)

where ¢ is the number of grafted chains per unit area. We
shall show in the following how one can get better and
better solutions using improved trial functions for z(zg, t)
and p(zp).

(i) Alexander-de Gennes Approximation. This
approximation assumes that all the chains stretch uni-
formly to a height h. Hence p(2¢) = 0d(zg — h), z(h, t) =
ht/N, and

_ oh? oN?

F= a’N + vo o 2.7
where ¢ is the number of grafted chains per unit area.
Minimizing the above free energy with respect to h leads
to

h* = (voa¥/2)}3N (2.8)
and

F .= (27/32)30 % a? /3N (2.9)

(ii) Relaxing the Constraint for the Free Ends. As
animprovement to Alexander—de Gennes approximation,
we relax the é function constraint for the free ends while
still using the uniform stretching profile z(zy, t) = z¢t/N.
With a general distribution p(z¢), eq 2.4 becomes n(z) =
f fp(zo) dzoN/zo. This is inverted to give p(2) = (-z/N)
on(2)/dz, and the free energy

min

_rl 2 @) v, ]

Fln@)] = j; [ N 0z + 3" (2) +an(z) | dz
2.10)

where « is a Lagrange multiplier which takes care of the

total-number-of-monomers constraint. The optimal n(z)
is given by the Euler-Lagrange equation

5 on@yaz @ @1
which yields
- 32°
n(z) = - va?N? (2.12)
and
o(@) = —0—z* (2.13)
va N

Inthis simple approximation the monomer density profile
is parabolic, and free ends are distributed throughout the
layer.

The layer height A* and constant « can be fixed by
using eq 2.6 and requiring n(h*) = 0.18 We find
h* = (voa®)'’N (2.14)

F in = 9/10("2‘75/02)1/3]\7 (2.15)
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This height is 1.26 times larger than that of the Alexander-
de Gennes brush, while the energy is 0.95 times as large.
This demonstrates that Alexander-de Gennes’ solution is
unstable against smearing of the free ends. Within the
uniform stretching ansatz, it is energetically favorable to
smear the free ends all over the grafting layer and make
the density profile a parabola. Although not exact, this
solution already has all the qualitatively correct features
of the exact solution.

(iii) General Stretching. To improve the results
further, we consider general stretching z(zg, t). We shall
assume that the stretching profiles of all the chains are
the same up to an overall scale factor, namely

2(zg, t) = 2f(t) (2.16)

where f(t) is a monotonically increasing function satisfying
f(t) =0and f(1) = 1. With this ansatz, the configuration
space is restricted to two functions p(zo) and f(¢) which we
will find by minimizing the free energy. Aftersomealgebra,
the relation between p(z) and n(z) from eq 2.4 can be
written as

_ (N dt
n = (f<t)) 7@ @17

For a general f(), the above equation cannot be inverted
explicitly. We choose to implement the constraint using
Lagrange multipliers 3(z). This leads to a free energy for
variation

7 = [*dz ()—f () ae+
J; 6(2)[n(z)— IN (f(t)) f‘(if)] dz + o f'n() dz (218)

Minimizing the above free energy yields the following
equations

v 2
2n (z)dz +

oF 2t N 9 N
LA - = 2.1
o " oo WD de- fTsefende=0 @10
I @+ 8@ +a=0 (2.19b)
on(2)
d_oF _8F _ )
dtsdf/dt of dtzf z”(z’ dz
[} w(af (t))[zp @) + p(z)] dz = 0 (2.190)
)
5F

N dt
2. t)==0
G INETO) 0

The above equations can be solved by employing the
following observations. Suppose we expand B8(x) in its
Taylor series. Since eq 2.19a is true for arbitrary z, and
f(t) increases from 0 to 1 as ¢t goes from 0 to IV, we conclude
that only the term quadratic in x is nonvanishing, i.e., 8(x)
= cx2. Thisimplies through eq 2.19b that n(2) is parabolic.
Substituting 8(x) into eq 2.19c¢ yields

(2.19d)

1 d%
+cf(t) = (2.20)
242 dt* f
which together with the conditions f(t) = 0 and f(N) = 1
gives
in V/2cat
f(ty = 22X =22 (2.21)
sin V2caN

Finally, the constant c is fixed by substituting f(f) back
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into eq 2.19a. We find ¢ = 7%/(8a2N?) so

2

nz) =- a__T__p 2.22
v 8ya’N? ( )
and
=ain T
f(t) =sin 2Nt (2.23)

The equilibrium height h* and free energy can be
calculated using the conservation of total number of
monomers and the condition n(h*) = 0. The results are

h = (12) (ovad) AN ©2.24)
T
and

2\1/3
F o = 190(’—’—) (*¥/ah) /3N (2.25)
These are exactly the same results obtained by Miller,
Witten, and Cates!? in the SCF approach. Equation 2.23
implies that there is no stretching at the free ends, which
comes out naturally from the variation.

2.3. Polymers Grafted to a Sphere. The variational
approach can be easily extended to a spherical brush. Here
we consider the limit where the height of the grafting layer
h is much larger than the radius of the grafting surface
(e.g., star polymers). Due to the rotational symmetry, we
need only to consider radial stretching of the polymers.
Denote r(rg, t) the trajectory with the free end at r and
p(ro) the free end density per unit volume. Due to the
geometric constraint, the space available is rapidly de-
creasing as the grafting center is approached. To avoid
overfilling the space, free ends must be excluded from an
inner region 0 < r < r, as first pointed out by Semenov.?
Anticipating such an exclusion zone, the density n(r) is
related to p(r) and trajectories through

ro\2 de(r, ry)
nr = . M”u[”]( °) plry) —g—dry  (2.26)

The free energy of the system is

dr(r,, t)
F= f41rr0 p(ry) drof 202( d‘; ) dt +

%fohnz(r) 4rrt dr (2.27)

Similar to the planar brush case, we need to find p(ro) and
r(ro, t) that minimize ¥.

(i) Delta Function End Distribution, Toextend the
Alexander-de Gennes approximation to a spherical brush,
we assume that all the chains stretch up to the same height
h,i.e., p(r) = fo(r — h)/(47h?), where f is the total number
of grafted chains (number of arms for a star polymer).
The free energy depends on a single trajectory r(¢),

N_L dr 2
( ) 2f0 (47"' dr) 4xre dr (2.28)

dt
In terms of v(r) = dr/dt, the free energy for variation can
be written as

7= {*dr [f;;’)

with A a Lagrange multiplier which takes care of the

Y S N PP

8rriv(r)? v
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monomer number constraint

rdr oy (2.30)

O u(r)

Variation with respect to v(r) leads to the following
equation:

2
M A 2.31)
20 4xriu(r) f

For a given h, eqs 2.30 and 2.31 determine v(r) and the
corresponding free energy F[h]. The equilibrium height
h* is obtained by minimizing F[h]. The exact solution
will be presented in the Appendix. Here for simplicity we
seek an approximate solution with a simple form which
will be used next for the variational calculation with end
constraint relaxed. Since most of the stretching energy
is distributed in the region r << h where the repulsion
between chains is strong, the approximate solution we are
seeking must capture the correct small r behavior. From
eq 2.31, we see that v(r) ~ (a2v)V/3-2/3 for small r or r(t)
~ (a%f)1/5¢3/5 for small ¢t. This leads to n(r) ~
(fPa~2-1)1/3r4/3 which is the same scaling obtained by
Daoud and Cotton!® based on a blob picture. As an
approximate solution, we assume such a scaling extends
throughout the layer, i.e., r(t) = h(t/N)3/%, and minimize
the free energy in eq 2.28 by varying h. The results are

h* = (1a0) " ofatNY 2.32)
125 2/5 f7 2N 1/5
7min 2(727‘,) ( ZB (233)

This scaling with N, f, and » agrees with simple Flory
estimates. The scaling of h* (but not F;,) also agrees
with that predicted for good solvents by Daoud and
Cotton.’* Daoud and Cotton predict h* ~ f1-)/2N* where
vis the swelling exponent. This agrees with eq 2.32 if one
uses the nearly exact Flory value vp = 3/5. The variational
method also gives an estimate for the coefficients, which
cannot be obtained by simple scaling arguments.

(ii) Relaxing the End Constraint. In analogy to the
planar brush case, we improve the solution in (i) by relaxing
the § function constraint for the free ends. Consider a
general distribution p(r¢) inaregionr. <r <h. Weassume
that all the chains have similar power law stretching,

r(re, t) = ro(t/N)¥® (2.34)

Our strategy is first to find the optimal distribution for
a given r, and A and the corresponding free energy #[h,
r.J. We then determine the equilibrium h* and r. by
minimizing F[h, r.].

Using the ansatz eq 2.34, eq 2.26 becomes

5N h
n(r) = Tr—4/3fMu{r.r¢1p(r°)r°1/3 dr, (2.35)

which can be inverted to give p(rg) in terms of n(r) in the
end distributed region r. < r < h,

=_.3 -1/39 4/3
p(r) 5Nr ar[n(r)r ] (2.36)

Equation 2.35 also determines the monomer density in
the exclusion zone by its value at the boundary

nir) = (rl)“”sn_(rc) r<r, (2.37)

<

with n_(r,) = n(r — r,;). Equations 2.36 and 2.37 enable
us to express the free energy in terms of n_(r,) and n(r)
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in the region r, < r < A. The distinction between n_(r.)
and n4(r,) is necessary since in general we should allow a
discontinuity of n(r) to explore all possible configurations.
Such a discontinuity corresponds to a é function in the
free end density at the boundary. To exclude unphysical
states, we must have n_(r;) 2 n.(rc) (nonegative free ends).
Similarly, a jump at h should satisfy n(h_) = n(h*) =0
Using eqs 2.36 and 2.37, the total free energy (from eq
2.27) for variation is
5 an] +

3
20 gr

6wurn X(r) + 5 fr n 2rydrrdr +

# = axB [ dry [ -2r,"n(ry -

a[%wrcan_(rc) + frh47rr2n(r) dr] (2.38)

with B = 9/(25N%a?). The first term in the above equation
is the stretching energy. The integration is from r;-to h*
in order to include the contributions from possible &
function end density at r. or at h. Variation with respect
to n(r) and n_(r,) gives

n(r) =—g—121yBr2 h>r>r,
n(ry=- 5‘“; - %rf (2.39)

From the above equations, we see that the monomer
density profile in the end distributed region is parabolic.
We speculate that this is general as long as the assumption
r(ro, t) = ro f(t) is made, regardless of the specific choice
for f(t). For agiven r.and h, eqs 2.37 and 2.39 enable us
to solve for « through conservation of the total number of
monomers, and the free energy is obtained by substituting
eq 2.39 back into eq 2.38 (without the « term). The
resulting free energy F[h, r.] is a rational function of h
andr.. Noticethat for general h and r., the density profile
calculated from eq 2.39 will be discontinuous at r. and h.

Minimizing F[h, r.] determines optimal h and r.. The
search is restricted in the physical region defined by n_(r,)
2 n4(re), n-(h) 2 0. We find that the smooth profile (n(r)
is continuous at r. and k) has the lowest energy. There
is an exclusion zone proportional to the layer height h*,

r/h* = 0.938 083 (2.40)
with
h* = 0.914343(fN°a%)!/° (2.41)
The corresponding free energy is
F min = 1.18237(fV2N/a®)/® (2.42)

which is about 0.1% lower than the free energy with end
constraint (eq 2.33). The monomer density and free end
density are

118

5 ==(h**-r? h*>r>r,
14
nr) =< g\ (2.43)
(—) n(ry) r<r,
rc
and
h*>r>r,

115 5r% - 24
pr) = (2.44)

O r<r,

Fromeq 2.43, we see that n(r) is concave up in the exclusion
zone, concave down in the end distributed region, and
vanishes smoothly at the top of the layer. We expect that
such a smooth profile will lead to softer interaction than
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the Daoud and Cotton star when weakly compressed. In
fact, we find

=0 (2.45)

ohar, | h*rs

This implies for a symmetric compression, 6F « §h3, in
contrast to 6F « $h2 for the Daoud and Cotton star. We
expect that this is also true for nonsymmetric compression
which is more physically relevant.

2.4. Polymers Grafted to a Cylinder. As a consis-
tency check, we apply the method developed in section
2.2 to a strongly curved cylindrical brush (e.g., comb
polymers) in order to compare with the exact solution in
section III. All the calculations are parallel tothe spherical
case. Witha éfunction end distribution, similar calculation
gives r(t) ~ (aZve)/4t3/4, n(r) ~ (a~2r1e2)1/32/3, Thelayer
height and free energy are

h* = (53,72; YA pea?NB)/4 (2.46)

Foin = N/ 0T N) 2 (2.47)

where ¢ is the number of grafted chains per unit length.

For general end distribution, the ansatz we made for
the trajectories is r(ro, t) = ro(t/N)3/4, Again we find the
lowest energy configuration has a smooth density profile.
A finite exclusion zone is found with

r/h* = 0.790 569 (2.48)
and

h* = 0.855857(N%a%ve)!/4 (2.49)

The density profile is similar to that of a spherical brush
but has a different scaling in the exclusion zone

n(r) = r\-23 (2.50)
(r_) n(r,) r<r,

c

h*>r>r,

with D = 9/(64N2%a2). The free end density is given by

D2 puty  pr>r>
p(r)=§N"(4r " 7T @y

0 r<r,

These results are plotted in Figure 1 (dotted lines) to
compare with the results from the exact self-consistent
solution (presented in the next section). Using eqs 2.50
and 2.51, the free energy is calculated as

F in = 0.6867L(ve’N/a?)/? (2.52)

which is about 1% lower than the one with end constraint
(eq 2.47).

III. Exact Solution for a Cylindrical Brush in the
Strong Curvature Limit

In this section, we analyze cylindrical brush in a solvent
using the SCF approach previously developed by Milner,
Witten, and Cates.l® Our analysis is based on self-
consistent integral equations previously derived by Ball,
Marko, Milner, and Witten.!? In the strong curvature
limit, we solved the integral equations exactly and obtained
various quantities in closed form. To be self-contained,
we shall first briefly sketch the derivation of the integral
equations in section 3.1. The resuits from the exact
solution will be presented in section 3.2.
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Figure 1. Monomer density (n(x)) and free end density (p(x))
as functions of distance from the grafting center (normalized by
the layer height k) for a cylindrical brush in a solvent in the
strong curvature limit, from the exact self-consistent solution
(solid lines) and the variational calculation (dotted lines). The
results are normalized by the corresponding average value A =
Ne/(wh*2) and p = ¢/(xh*?).

3.1. Self-Consistent Field Approach. In the SCF
approach, the effect of the excluded volume interaction
between polymer chains is considered as a mean potential
field which needs to be determined self-consistently. This
is similar in spirit to the Hartree-Fock approximation in
dealing with many-electron systems. Due to the potential
field, the free energy increase by adding the ith chain to
the system is

S=

N1 dr,-(t))2 N
0 ﬁ( o) dt+ [Jumend @D

Here u(r) can be interpreted as work required to insert a
monomer at r. In a marginal solvent, u(r) = yn(r). The
mechanical balance of the chain is achieved when r;(t)
minimizes the action S. This can be viewed as a particle
moving in a potential ~u(r). The potential u(r) must be
subject to a number of constraints. Since there is no
stretching at the free end, the particle starts at zero velocity.
We call T(r) the time it takes for a particle to fall to the
grafting surface starting at r with zero initial velocity.
The fact that the total number of monomers N is fixed
implies that u(r) should be such that for any r where free
ends can be found, T(r) = N. This is the equal time
constraint. Furthermore, once u(r) is given, the trajectories
ri(t) are determined, which in turn determines n(r) through
eq 2.2. n(r)determined this way should be self-consistent.

For a cylindrical brush, the equal time and self-
consistent constraints can be expressed explicitly to yield
a pair of integral equations. Due to rotational symmetry,
only radial motion needs to be considered. Using variable
x =r ~ R (R is the radius of the grafting surface), the
conservation of energy yields

1 (dx\2
272(3?) - u(x) = -u(xy) (3.2)

which can be used to calculate the falling time T'(x;) as

Tixp = - fods V—%;[u(x) —uEl? (33)

It is convenient to write eq 3.3 in terms of variable u (since
u is a monotonically decreasing function of x),

=L (Pg, 8%, _, 512
Tluo) = = =, du 35 = o] (3.4)

where P is the potential at the surface. Anticipating an
exclusion zone 0 < x < x., we expect T'(u) = N for u < u(xc)
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= . Then eq 3.4 can be inverted to give

dx _@ d EI_I _ ., 12
aﬁLo— T fMax(uo.Q)du du [u = ol (3.5)

where the equal time constraint is explicitly included in
the lower limit of the integral. This equation determines
w(x) by d7/dw in the exclusion zone.

The self-consistent condition eq 2.2 can be written as

pedt(x, xy)
dx

with 27Ro(x,) defined as the number of free ends beyond
xo. Since n = u/v, the above equation yields

2r(R + x)n(x) = - 2R do (x,) (3.6)

dug de

H + B
B+ /) = —— f"(u T

(3.7

which upon inversion gives the second integral equation

do _ V2a s by

du °(u—u)1/2d

P (“[1+x/R]) (3.8)

Combining eqgs 3.5 and 3.8 yields the following equation
that determines d7/dy in the exclusion zone,

1 dT 1 R+h
de’ 5= Ky, ) + Su, )] =~ — 3.9
e v
with the two kernel functions given by
\/_ +V
Ky, (3.10)
b
S, w) = ( K(u, ')+\/—

Equation 3.9 differs from the corresponding equation for
the melt brush by the addition of kernel S(u, u’) which
breaks the symmetry under u <> ¢’. OncedT/duis solved,
all the other quantities can be obtained using eqs 3.5 and
3.8.

3.2. Exact Solutionin the Strong Curvature Limit.
In the strong curvature limit R — 0, ¢ — «, and with the
number of chains per unit length ¢ = 27Ro fixed, P/Q —
o, With a change of variables u — ¢, i’ — €%, eq 3.9 can
be cast in the form [ k(s - t)u(s) ds = g(t). Such an
equation can be solved using a technique developed by
Wiener and Hopf.!7” We shall omit the detailed derivation
and just give the result:

dT _ _ _h* Q¥?
Ve i - @

For large u, this dT/du scales as u~3 in contrast to the u-2
scaling of the melt.!? Hereafter we use @ as a unit hence
set @ = 1. The @ dependence can be recovered by
dimensional analysis when necessary.

To obtain the density profile, we first find dx/du through
eq 3.5, the result is

(3.11)

dx _

du

. *
- %g(u) r<l
(3.12)

* .
- %M””"g(l/u) u>1

where g(z) is the Gauss’ hypergeometric function F(!/,,
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5/9; 8; 2) defined byl8

g)=F(/y, % 82) =
8 (L,3/2/1 _ ;\-1/2(1 _ 4 0-1/2
37rf0 321 - VX1 - t2) V2 dt (3.13)

Equation 3.12 can be used to compute the density profile
n(x). Forx « h, p > 1,dx/du ~ u-5/2, leading to n(x) =
u(x)/v ~ x-2/3 which is a scaling already anticipated by
the simple variational calculation. For general x, n(x) is
computed by integrating eq 3.12. The result is plotted in
Figure 1 as a solid line. We see two distinct regions
separated by x.. n(x) is concave up for 0 < x < x, while
concave down for h > x > x., vanishing smoothly at h. As
x = %, dn(x)/dx — 0, indicating a vanishing free end
density at x..

Tocompute the free end density p(x), we use the relation

P = T R duds (314)
In the limit R — 0, p(x) is computed using eqs 3.8 and 3.12
and plotted in Figure 1 (solid line). We see that free ends
are excluded from the region 0 < x < x.. The free end
density vanishes at the exclusion zone boundary and at
the top of the grafting layer, p(x) ~ (x - x.) as x — x.*

while p(x) ~ Vh*-x as x — h*. The exclusion zone
height x. is given by
lg;x. = —h% *
x, = -y ¥ du h 0.424h (3.15)

which is smalier than the correspondlng exclusion zone in
a cylindrical melt (x. = 2h*/#). So far, we have expressed
everything in terms of 2* and Q. It is more transparent
to express all the quantities in terms of fundamental
variables: the number of monomers N in one chain, and
the total number of grafted chains ¢ per unit length of the
cylinder. This is accomplished by using the following
relations:

Q do ; _
f 2eR 7 du = (3.16)
and
PdT
Jody = (3.17)
Using eqs 3.16 and 3.17, we find
h* = 0.856098(N°vea?)t/4 (3.18)
and
F_. =0 65148(N : ") (3.19)

This free energy is about 5% lower than the one we
obtained in section IT using the power law stretching ansatz
and the general end distribution (eq 2.52).

For comparison, Figure 1 also plots n(x) and p(x) from
the variation calculation in section II (dotted lines), We
see that the variational calculation gives a quite good
estimate for the density profile. For the free end distri-
bution, the variational approach overestimates the ex-
clusion zone height and gives a finite nonvanishing density
at the zone boundary and the top of the layer. We believe
these are artifacts due to the restrictions on the stretching
profiles.
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Table 1. Free Energy (#min), Layer Height (h*), and
Exclusion Zone Height (r;) for Planar, Cylindrical, and
Spherical Brushes, from the Variational Calculation
(Denoted by “Step” and “Smooth” Entries) and the Exact

Solution*
Fmin h* rd/h*
Plane
step 1 1 1
smooth 0.95 1.26 0
exact 0.89 1.34 0
Cylinder
step 1 1
smooth 0.99 1.0920 0.79
exact 0.94 1.0924 0.42
Sphere
step 1 1 1
smooth 0.9993 1.03 0.94
exact ? ? ?

4 The results are normalized by the corresponding one in the “step”
entry.

IV. Discussion and Future Work

In the previous sections, we have shown that a general
variational method can be used to study polymers grafted
to curved surfaces. We have applied the method to planar,
cylindrical, and spherical brushes. As an alternative
method and a check for our variational approach, we solved
exactly the self-consistent integral equations for a cylin-
drical brush in the strong curvature limit. Table 1 lists
the calculated layer height, exclusion zone height, and
free energy for each case. The “step” entry in the table
corresponds to the simplest variational ansatz which
assumes identical power law stretching for all the chains.
This ansatz gives quite a good estimate for the free energy
and the layer height but gives a qualitatively wrong answer
for the density profile and free end distribution. As the
constraint for the free ends is relaxed, a lower energy
configuration is found withright features. Thisisdenoted
by the “smooth” entry. For a planar brush, it predicts a
parabolic density profile and an end distribution through-
out the layer. For both cylindrical and spherical brushes,
the “smooth” ansatz predicts an exclusion zone and
qualitatively correct density profile. Our results suggest
that it is necessary to relax the end constraint in many
other problems where the Alexander—de Gennes approx-
imation is used.

A general trend is observed in Table 1: as the solution
is improved (from “step” to “smooth”™ to “exact™), the free
energy is lowered, the layer height increased, and the
exclusion zone height decreased. This indicates that
removal of the constraint on stretching profiles leads to
further smearing of the free ends. The exact results for
a cylindrical brush show that the smooth ansatz overes-
timates the exclusion zone height, which we believe is also
true for aspherical brush. On the basis of this observation,
we expect the exact solution for a star polymer will have
0.42 <r./h* < 0.94, where the lower bound is given by the
exact value for a cylindrical brush, since a sphere is more
curved than a cylinder. Another lesson we learn from the
cylindrical brush is that the scaling for small r from simple
variational calculation is exact, so we expect, for a star
polymer, such a scaling should be found for r « h*.

Our results are consistent with other information on
star and comb polymers. The new information from our
work concerns the predicted exclusion zone near the center.
For comb polymers, we have noted the agreement between
our exact results and the numerical self-consistent cal-
culation of Dan and Tirrell.l? Their observation of an
incipient end-free zone is now supported by our explicit
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calculation of the asymptotic size of that zone. For the
monomer density profile, our analytical solution predicts
n(x) ~ x-2/3for x « h*,which is consistent with the scaling
arguments.!4 However, conflicting powers have been
reported in the numerical mean-field study of Dan and
Tirrell'® and the molecular dynamics simulations of Murat
and Grest.22 The authors suggest a falloff as x-1/2, more
gradual than our x-2/3 prediction. We do not regard this
as a significant discrepancy. The effective power law
observed in these finite-sized systems need not equal the
asymptotic power we have derived. Indeed, our analytical
solution in Figure 1 shows a more gradual falloff near the
exclusion zone boundary. The logarithmic derivative—(x/
n) dn/dx decreases from 2/3 to 0 as this boundary is
approached. If one includes numerical data near this
boundary, the measured power is bound to be smaller than
the asymptotic one. The molecular dynamics simulation
of Murat and Grest? verified the expected scaling of the
comb thickness with chain density. A narrow exclusion
zone appeared only for high line density which was
attributed to simple steric packing constraint by the
authors. Since the chains in this study were stretched by
only a factor less than 4, it appears that the simulation
was too far from the strong-stretching limit to see the
exclusion zone effect. Several types of comb polymers
occur in practice. These typically have short alkane side
branches attached to an organic backbone.?! The main
observed impact of the stretching of these side chains is
on the induced stiffness in the comb polymer.2228 We
have seen noevidence regarding the exclusion zone in these
polymers. Similar exclusion zones should occur in cylin-
drical block-copolymer micelles.?# Inaddition, the density
and pressure at the periphery of such brushes are
qualitatively weaker in our exact solution and in our
approximations than in the simpler step-function profiles
considered previously. This implies that the forces
between such brushes in weak contact should be quali-
tatively smaller than might otherwise be thought. Asdata
about the forces between these cylinders (e.g. by osmotic
compressibility) become available, it will be possible to
observe these weak forces.

Our results are also of interest for star polymers and
spherical micelles. The main experimental observations
of these spheres has been the scaling of their size with
molecular weight and arm number. Here, as above, our
theory has nothing to add to previous scaling theories.
However, our theory predicts a monomer density profile
and a free end distribution which is qualitatively different.
These predictions are also consistent with the numerical
calculations of Dan and Tirrell.1®

Molecular dynamics simulations of stars? have shown
a concentration of the free ends near the periphery, as in
the Daoud-Cotton model. Thisstudydid not clearly show
our predicted end-containing zone whose thickness should
be proportional to the star radius. On the other hand the
observed thickness was about as large as that predicted
by our best approximation. Thus our approximation is
consistent with the simulation results. For chains grafted
to a finite sphere, evidence of an exclusion zone was found
by Monte-Carlosimulations.2® Experimental information
is available in principle from covalently synthesized star
polymers?? and from spherical micelles of diblock copol-
ymers.2® Recent scattering experiments?’ have shown
evidence for the repulsions between these spheres implicit
in our theory. As these experiments are refined, it will
become possible to compare the observed repulsion with
predictions based on our theory.

Agreement between our results and experiments in good
solvents (including simulations) is necessarily limited. This
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is because several important features of good solvents have
not been incorporated into our model. As noted above,
we have ignored the strong local correlations which exclude
other chains from the vicinity of a given chain. For such
good solvents our models serve as a qualitative guide to
the exclusion zone effects. They may only be taken as a
quantitative description for marginal solvents in which
excluded-volume repulsion is negligible on the scale of the
distance between chains.1?

The mathematics of our exact solution for the cylinder
raises several interesting questions. As noted in eqs 3.9
and 3.10 the melt and solvent cases differ only by the
addition of a regular kernel S to the singular kernel K in
the integral equation. This S is nowhere larger than K;
instead K is much larger near its logarithmic singularity.
Yet the addition of this small S changes the solution to
the equation qualitatively. We believe that this dramatic
effect arises from the symmetry of K under exchange of
p and p’ and the lack of this symmetry in K + S. We
believe that further analysis of these equations will yield
insights about these mutually stretched chains that can
result in a more powerful way of treating them.

The variational method we used in this paper can be
extended to treat brushes in a good solvent where local
Flory swelling of the chains on the scale smaller than
interchain distance cannot be ignored.!® It can also be
extended to spheres and cylinders of finite curvature and
to other curved surfaces, e.g., undulated surfaces. A large
class of problems involves grafted polymers stretched in
more than one dimension.?® So far these problems have
been studied only in the Alexander-de Gennes approx-
imation. It will be interesting to see the effect of relaxing
the end constraints in these problems.
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Appendix. Exact Solution for a Spherical Brush
in the Alexander-de Gennes Approximation

In this Appendix, we present the exact solution of a
spherical brush in which the free ends are excluded from
theinterior. Thisisanatural extension of the Alexander-
de Gennes approximation used for planar geometry.
Others have derived these results3 though we know of no
published derivation. Recall from section 2.2 that for a
given h, the solution is determined by the following two
equations (eqs 2.31 and 2.30):

2
e ¢ A1)

2a? 41rr20(r)

and

frdr N (A.2)

Ou(r)

where the second equation relates the constant C to hA.
The equilibrium height ~* should minimize the free energy
F[h]. This is equivalent to saying that 2* should be such
that the osmotic pressure balances the stretching at the
free end. This adds one more constraint which can be
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used to determine h*,

”"‘h*) B gt = L2 A
a
Usiélg eq A.3 and the relation n(h*) = f/(4rh*2u(h*)), we
fin
(e f )1/3
v(h*) (8 o (A.4)
which yields (through eq A.1)
2¢ \2/3
C=- %(-L”“ 2) (A5)
8mh*

Once C is determined, v(r) can be solved from eq A.l.
Using dimensionless variables y(r) = v(r)/v(h*) and x =
r2/h*2, eq A.1 becomes

Y +3y-4/x=0 (A.6)
which has a real solution

@+VA+HS an
a @+/4+ A1

The equilibrium height h* is determined by eq A.2,

h* = 0.806857(N°a%)'/® (A.8)
The monomer density

yx) =

= [ - f
n(r) = = A9
dnrio(r)  dxrfo(h*)y (P h*d) a9)
which has a simple scaling n(r) ~ r4/3 for r « h*. The
total free energy is (according to eq 2.29)

d (f”(’) —f—) (A.10)

2a*  8xr 20(r)?

By substituting v(r) into the above expression and using
eq A.8, we find

2 /6
g = IISBGQ(M)

a

We notice this free energy is about 2% lower than the one
we obtained in section 2.2 with the power law assumption
of the trajectory and smeared end distribution (eq 2.42).
Evidently, better results can be obtained if we start with
this exact solution and let the free ends relax. This can
be done using a similar ansatz assuming that the stretching
profiles of all the chains are proportional to the one given
by this exact solution. The calculation will be parallel to
that in section 2.2 except that the relation between n(r)
and p(r) (eq 2.26) takes a complicated form and cannot be
inverted explicitly. The results will be similar (i.e., alower
energy configuration will be found with smeared ends and
smooth density profile) since the Alexander~de Gennes
solution is unstable against smearing of the free ends. We
did not carry out such a computation since the purpose
of this paper is to demonstrate the power of the variational
ansatz through simple examples.

F

min ~

(A.1D)
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